Abstract. We investigate the changes of shape of a stretching viscous sheet by controlling the forcing at the lateral edges, which we refer to as lateral shaping. We propose a one-dimensional model to study the dynamics of the viscous sheet and systematically address stability with respect to draw resonance. Two class of lateral forcing are considered: (i) for the case that the stress at the edges is specified, we show that a pure outward normal stress Sn is usually unfavorable to the draw resonance instability as compared to the case of stress-free lateral boundaries. Alternatively, a pure streamwise tangential stress St is stabilizing; (ii) for the case that the lateral velocity at the edges is specified, we show that the stability properties are problem specific but can be rationalized based on the induced stress components (Sn, St). 
Introduction
Stretching viscous sheets are frequently encountered in the polymer and glass manufacturing industries. During the pure longitudinal stretching of a thin sheet, the width usually shrinks from the inlet to the take-up due to the strong extensional deformation effected by the pulling. This necking phenomenon makes the sheet thickness thicker than expected from a pure parallel stretching. To prevent this response, it is common in processes such as polymer film casting to keep the distance between the inlet and the take-up roll as short as possible, so that the aspect ratio between the width and the length is usually of order of unity in such processes. In other processes such as the float-glass process, the aspect ratio of the viscous sheet can be much smaller than unity and mechanical stretching transverse to the main flow can be used to work against the neck-in effect, and thus obtain thinner sheets.
A mechanical system of lateral stretching was proposed by Pilkington [1] for the float-glass process and consists in edge rollers that grip the edges of a glass sheet and define its speed. In practice, the rollers are placed closer to the inlet than to the take-up. Therefore the glass sheet still shrinks in width between the last edge roll and the takeup. Narayanaswamy [2] proposed a one-dimensional model that describes this shrinking portion of a viscous sheet in the simplest possible terms, i.e. neglecting surface tension, inertia and hydrostatic pressure. In this region, it was assumed that there was no stress in the transverse direction, a e-mail: bscheid@seas.harvard.edu which is valid only for small aspect ratios 1 . The width and thickness of the glass sheet were then found to be attenuated in the same proportion, and satisfactory agreement with measured widths were obtained in the region past the last edge roller.
Silagy et al.
[4] extended the one-dimensional model in [2] to sheets of larger aspect ratios by considering the edges of the sheet to be free surfaces. Consequently, the stress in the transverse direction depends instead on the edge curvature. Silagy et al. [5] further determined the threshold for the draw resonance instability of such stretching sheets with stress-free boundary conditions at the edges. The draw resonance instability is characterized by a periodic variation in the sheet's thickness around the centerline (see e.g. [3]), whose physical mechanism has been recently proposed in the case of heat transfer [6] . These thickness variations take place across the entire width, which also oscillates synchronously around the symmetry axis. It was found in [5] that the neck-in effect always has a stabilizing effect with respect to draw resonance, at least for aspect ratios of order unity. In this paper, we extend the one-dimensional model in [5] to lateral shaping, by which we refer to stress distributions (or speed) imposed along the edges.
In Section 2, we present the mathematical formulation of the 2D model, which is the basis from which we 488 The European Physical Journal B construct a 1D model. In Section 3 we discuss the case of a stress specified at the edges and explore the different limiting cases. In Section 4 we alternatively consider the case of a transverse speed specified at the edges. In each case, the stability of solutions is investigated systematically. Concluding remarks are given in Section 5.
Mathematical formulation

Two-dimensional equations
We consider a three-dimensional viscous liquid sheet with thickness h 0 , velocity u 0 and width 2 0 at the inlet being stretched over a length L to the take-up speed u L , as sketched in Figure 1 . The draw ratio is denoted Dr = u L /u 0 . The sheet is also shaped in the lateral direction by a symmetrically applied stress S = S n n + S t t (only represented on one edge in Fig. 1 ). The coordinate system is chosen with x axial and z transverse in the width direction. The position of the lateral boundary is defined as z = (x, t). Variables are made dimensionless through the transformations:
The stress is scaled by μu 0 /L with μ the dynamic viscosity of the fluid.
We define the film parameter ε = h 0 /L and the aspect ratio a = 0 /L. Neglecting inertia, gravity and surface tension, and using the standard thin-film assumption ε 1, the continuity and Stokes equations, as shown by Yeow [7] , reduce to a two-dimensional system of evolution equations for the sheet thickness h = h(x, z, t) and in-plane velocities u = u(x, z, t) and w = w(x, z, t),
with the components of the in-plane stress tensor,
The boundary conditions in the axial direction are
and the the boundary conditions in the transverse direction are, at z = 0, the symmetry conditions,
and at the edge z = (x, t) the kinematic condition and the stress balance, respectively, The normal and tangential unit vectors are, respectively, n = (−a∂ x , 1)/n and t = (1, a∂ x )/n, with n = (1 + (a∂ x ) 2 ) 1/2 . The normal and tangential projections of the stress balance (5b) are thus
The two-dimensional model (1-5b) has been solved numerically by several authors with the stress-free boundary condition S = 0 (see e.g.
[8] and references therein). We have performed 2D numerical computations with S = 0 in order to validate some of the results obtained with the one-dimensional model developed in the next section. For the 2D numerical simulations, we have used Comsol software. Due to the large deformations which the fluid undergoes in the present lateral stretching problem, a purely Lagrangian reference frame where the mesh follows the fluid particles is not practical. Instead the software Comsol allows to use an intermediate between the traditional Eulerian reference frame and the Lagrangian reference frame. This hybrid is commonly known as the Arbitrary Lagrangian-Eulerian (ALE) reference frame [9] . The basic idea is to allow the mesh to deform arbitrarily (but preferably smoothly) in the bulk but still keep track of the interface of the liquid.
Constructing the 1D model
With the goal of obtaining a one-dimensional model, we integrate the continuity equation (1a) and the streamwise momentum equation (1b) along half the width and use the boundary conditions (4) and (5a) to obtain
We next assume |a∂ x | 1 and truncate (6b) after O(a∂ x )
2 to obtain σ xz = a∂ x σ xx − σ zz + 1 + 2(a∂ x ) 2 S t ,
